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f— ( ' Abstract 

, Let g be a finite-dimensional semisimple Lie algebra and (• , •) its 

I Killing form, a an elliptic automorphism of g, and o a cr-invariant 

^ ' reductive subalgebra of g, such that the restriction of the form (• , •) 

C . to a is non-degenerate. Let L{Q,a) and L{a,a) be the associated 

I twisted affine Lie algebras and F'^{p) the cr- twisted Clifford module 

■ over L{a,a), associated to the orthocomplement p of a in q. Under 
1^ . suitable hypotheses on a and a, we provide a general formula for the 
Q"^ I decomposition of the kernel of the affine Dirac operator, acting on the 
'nI" ■ tensor product of an integrable highest weight L(0, cj)-module and 

F"'{p), into irreducible L(a, cj)-submodules. 

As an application, we derive the decomposition of all level 1 inte- 

' grable irreducible highest weight modules over orthogonal affine Lie 

■ algebras with respect to the affinization of the isotropy subalgebra of 
^ , an arbitrary symmetric space. 

. P. • 1 Introduction 
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Let be a finite-dimensional semisimple Lie algebra and (■ , ■) its Killing 
form, let a be an elliptic automorphisms of g (i.e. a is semisimple with 
modulus one eigenvalues). Let a be a cr-invariant reductive subalgebra of 
Q such that (■ , ■) is still nondegenerate when restricted to a. Let g° and 
a° be the fixed point sets of a and a\a respectively. Then we can choose 
a cr-invariant Cartan subalgebra 1) of g, such that f)o = f) H g° is a Cartan 
subalgebra of g°. The aim of this paper is to establish a formula describing 
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the kernel of the Kac-Todorov affine Dirac operator, provided that there 
exists an elhptic automorphism /i of q, commuting with a, such that f)o 
is the centrahzer of a Cartan subalgebra f)g in the algebra (q^)^, the fixed 
point set of fi in g°, and f)o is a Cartan subalgebra of a°. This formula is 
a generalization of the formula proved in p!2l, Theorem 5.4], where it was 
assumed that the rank of a° equals the rank of 0°. 

To state the result precisely, let L{A) be a integrable irreducible highest 
weight module over the twisted affine Lie algebra L(g, a), and let -F'^(p) be 
the (T- twisted Clifford module (see (15.21) ). p being the orthocomplement of a 
in Q. Let D be the Kac-Todorov affine Dirac operator, which we regard as 
an operator on X = L{A) ® F'^{p). The main result of the present paper is 
the following: 

Theorem 1.1. Assume that (A + po-)|f)onp = 0- Then the following decompo- 
sition into a direct sum of irreducible L (a, a) -modules holds: 

I rank(g'^))— rank(a^) + l i v — ^ , . . ^ ^ , 

Ker (D) = 2^ ' » . ' ' J ^ \/(^:(^(A + p.)) - p„.). (1.1) 

Here po-, paa, and W are as defined in ( \2.9\\ . (12.61) . and (14.31) respectively. 

Theorem 11.11 encompasses a long series of results which have their roots 
in the finite dimensional theory, as we presently explain. 

In his seminal paper |21J, Parthasarathy pointed out a remarkable con- 
nection between the Atiyah-Bott Dirac operator and the discrete series for 
a real semisimple group G with an equal rank maximal compact subgroup 
K. His results can be recast in the following algebraic setting. Let go be the 
Lie algebra of G and g = t © p be the (complexified) Cartan decomposition 
for the complexification g of go. Let f) be a common Cartan subalgebra for 
g and t. Fix a positive system A"*" for the set of roots Ag of (g, f)) and let 
A^ = At n A+. Let p, pt be the corresponding half sums of positive roots, 
and let W, be the Weyl groups of (g, f)), {t, f)), respectively. Denote finally 
by W the set of minimal right coset representatives of Wi in W. 

Parthasarathy proved that the spin representation S* of p decomposes, as 
a 6-module, as follows: 

^ = V{w{p) - p,) (1.2) 

(cf . [211 Lemma 2.2]), and used this decomposition to calculate the kernel 
of the Dirac operator. In turn he derived from this description an explicit 
realization of the discrete series [211, Theorem 3]. 
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Later on, Kostant realized that, upon a suitable modification of the Dirac 
operator, one could decompose directly its kernel into collections of represen- 
tations which he named multiplets (see the r.h.s. in formula (11. 3p below). At 
the same time he generalized the decomposition to the non-symmetric case, 
changing the setting as follows. Let a be an equal rank reductive subalgebra 
of g. Consider the Dirac operator with cubic term 

dim(p) 
i=l 

where p is the orthocomplement of a in g, {zi} is an orthonormal basis of 
p and V is the image in the Clifford algebra C/(p) of p of the fundamental 
3-form uo G A^(p*), C(j(X, F, Z) = (X, [Y, Z]) under the skewsymmetrisation 
map. This Dirac operator acts naturally on the a-module L{A) 5", where 
L(A) is an irreducible finite dimensional highest weight g-module and S is, 
as above, the space of spinors for p. Kostant proved in [16j that Ker{^^^^) 
admits the following decomposition into irreducible a-modules 

^er(^g/J= ViwiA + p)-p,). (1.3) 

(Notation is as above with a in place of i). Since in the symmetric case the 
kernel of the Dirac operator is the whole spin module S, putting A = in 
(11.31) one recovers formula (II. 2p . 

Decomposition formulas for the spin module S into irreducible 6-modules, 
when 6 is the fixed point set of an involution (but not necessarily of the same 
rank as g) have been found in [23], [20], [0]- The formula given in [231 Lemma 
9.3.2] is 

S = 2^ 2 J ^ V{pp-pi). (1.4) 

Here C(Pf) is the set of positive subsets of Ag, compatible with A^. This 
means that P G C(Pt) if 

1. P is stable w.r.t the Cartan involution; 

2. if a G A^ then there exists /? G P such that the restriction of /3 to a 
fixed Cartan subalgebra of t equals a. 

Formula (11.41) does not show explicitly the emergence of multiplets. The 
obvious difficulty is that Wi is not naturally a subgroup of W. This problem 
has been overcome in [20] with a case by case approach and, in a uniform 
fashion, in [9] . Let us describe the main idea. Let t be a Cartan subalgebra of 
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t, contained in f). Let be the Weyl group of {t, t) and Wcomm the subgroup 
of W formed by the elements commuting with the Cartan involution. It turns 
out that PVcomm is a Coxeter group containing as a reflection subgroup, 
and if W is a set of minimal right coset representatives of in VFcomm, one 
has [HI Proposition 1.2] 

S = 2L^^^-^J ^ Viwip) - p,). (1.5) 

The generalization of the previous results to the affine setting has many 
different aspects. One has first to remark that in the infinite-dimensional case 
there are essentially two types of spaces of spinors for the affinization so{V) of 
the special orthogonal algebra. They are called basic+vector and spin repre- 
sentations, and correspond to certain (sums of) fundamental representations 

of so{V). For any symmetric pair {g,t), one has an isotropy representation 

t so{p) which gives rise to an embedding 6 — > so(p). Therefore it is natural 
to investigate the decomposition of the basic-l- vector and spin representations 
into irreducible 6-modules. This analysis has been performed in deepen- 
ing previous work of Kac and Peterson [13]. The formulas we obtained, which 
can be considered the infinite-dimensional analogues of f 1 1.2 1) and (11.51) , show 
the presence of multiplets, but fail to make it clear why multiplets appear. 
On the other hand, formula (11.31) has been generalized by Landweber [18] 
to the affine case using a suitable analogue of the cubic Dirac operator, still 
obtaining multiplets. 

Formula (II. ip connects all these items in the setting of twisted affine Lie 
algebras and provides a general framework for the emergence of multiplets. 

The basic tool is the Kac-Todorov (cubic) affine Dirac operator D (which 
was introduced in pjj before [IB]). This operator was used in [12j to obtain 
a generalization of (11.31) in the twisted affine equal rank setting, therefore 
providing a conceptual explanation of the emergence of multiplets in the 
equal rank case. Indeed, in [121 Theorem 5.4] we proved that that upon 
replacing j^g/^ by D, g by the twisted loop algebra L{q, a), a by L(a, a) and 
I/(A) ® 5" by X, one gets a decomposition formula which looks exactly like 

m- 

The missing element for treating the non equal rank case was the identi- 
fication of the affine analogue of VFcomm- It turns out that the correct choice 
is the subgroup PVcomm of the Weyl group of L(g, a) formed by the elements 
commuting with /i. The last ingredient for the proof of (II. ip is Proposition 
15.21 which is the non equal rank version of a standard result which goes back 
to n-cohomology theory in the finite dimensional case. 
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Let us briefly describe the organization of tlie paper. After a tliorougli 
explanation of the setup in Section 2, we review in Section 3 some basic 
material on twisted affine Lie algebras. In particular we construct explicitly 
the root data of L(g, a) in terms of a (cf. Proposition 13. 2p . also treating the 
case of semisimple g. These results for arbitrary semisimple g seem to be new 
(in [TT] only simple g are treated). Section 4 is the most technical one. The 
upshot is the machinery of minimal coset representatives for the symmetry 
groups naturally appearing in the picture. It is a kind of affine analogue, 
in the framework of Steinberg's abstract approach to reflection groups, of 
the construction of [9] outlined above. The main results here are Corollary 
14.61 and Lemma 14. 7[ In Section 5 we prove Theorem 11.11 and in Section 7 
we apply it to recover from a new point of view the decomposition formulas 
for the basic+vector and spin representations found in [5J. To accomplish 
this, we need a detailed analysis of the decomposition of Clifford modules 
as representations of orthogonal affine algebras. This is done in Section 6. 
In Section 8 we deal with asymptotic dimensions of multiplets, providing 
formulas for their signed sum in the equal rank case. We are also able to 
determine the cases in which the Dirac operator vanishes identically on X. 
In these cases we provide a formula for the sum of the asymptotic dimensions 
of the elements of the multiplet. 

2 Setup 

For a finite-dimensional reductive Lie algebra g over C with a given symmetric 
non-degenerate invariant bilinear form (.,.) denote by Cg the corresponding 
Casimir operator and let 2gi (i = 1, . . . , T) be the eigenvalues of Cg on g, Qi 
being the corresponding eigenspaces. 

Let a be an elliptic automorphism of g leaving the bilinear form (-,■) 
invariant. For j G M, let j denote the class of j modulo Z and the a- 
eigenspace with the eigenvalue e^'"*-'. Set 

T 

L(g, a) = ® g^), L(g, a)' = L(g, a) © CK,. 

The latter is a central extension of the Lie algebra L(g, cr) with the Lie algebra 
bracket defined by 

[t™ (g) a, (g) 6] = t"*"^" (g) [a, b] + 5m-nm{a, b)Ki, m,n E M, , a, 6 G g^, 

Ki being central elements. We extend the Lie algebra L(g, a)' by setting 

L(g,(7) = L(g,a)'©Crf, 



5 



where d is the derivation of L(g, a)' such that d{Ki) = and d acts as on 
L{g, a). The Lie algebra L{g, a) is called the cr-twisted affinization of g with 
respect to (■,■)■ 

Let /i be an elliptic automorphism of g, preserving the invariant bilinear 
form and commuting with a. Then n{g^) C g-^. In particular /i induces an 
automorphism of g° (still denoted by /i). Consider the set (g°)'^ of //-fixed 
points in g°. Let 1)q be a Cartan subalgebra of (g°)'^ and let ()o be centralizer 
of f}Q in g°. Then [)o is a Cartan subalgebra of g°. Let Aq be the set of roots 
of (g°, f}o) and fix a set Aq of positive roots that is /i-stable. Let IIq be the 
corresponding set of simple roots. 

Assume from now that g is semisimple and that the form (-, ■) is a positive 
multiple of the Killing form. It follows that Cg acts on g as 2glg with g > 
0. Let a be a cr-stable reductive subalgebra of g such that the invariant 
form (■ , ■) is still nondegenerate when restricted to a. Set = afl g-'. 
Assume furthermore that ()o is a Cartan subalgebra of a°. Let p be the 
orthocomplement of a in g. 

Let Aa be the set of f)o-roots for o*^. Then it is clear that Aq is a subset 
Ao|(,M. Moreover we can and do choose A+ = Aq i^^m fl A^ as a set of positive 
roots for A^. 

Let L(a, a) be the cr-twisted affinization (with respect to (■, ■)\a) of a. Set, 
using standard notation, 

[) = i)o®CK®Cd, ij^" = i)^ ® CK ® Cd, (2.1) 

{K being the central element corresponding to the unique eigenvalue of Cg) 
and 

i 

Let A be the set of P)-roots of L{g,a). As a set of positive roots for A we 
choose 

A+ = A+ U {« G A I a{d) > 0}. (2.3) 

Analogously, if A^ is the set of roots for L(a, a) then we choose A+ = 
A+ U {a G Aa I a{d) > 0} as a set of positive roots. Let U^, Ua be the 
corresponding sets of indecomposable roots. 

Let Ao be the element of ()* defined setting Ao((i) = Ao(f)o) = and 
Ao(ir) = 1. Similarly, let A^ e 1)1 defined by Ai{i)^®Cd) = 0, Ai{Kj) = 5ij. 
Define also 5 G f)* setting 5{d) = 1 and 5(f)o) = ^(K) = 0. Let 5a be the 
analogous element of f)* defined by Sa{Ki) = for all i, 5a(flo) ~ 0' '^o('^) = 1- 

In [TCT, Ch. 10, § 5] it is shown that (■, Olf^oxfjo is nondegenerate, thus 
we can define dually a form (-, ■) on f)Q. Extend (■, ■) to all of f)* by setting 
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(Ao,5) = 1 and (Ao,Ao) = {S,6) = (5, f^o) = (Ao, f^o) = 0. Let u : i) ^ [)* 
be the isomorphism induced by the form (■,■). Write l)o = f)o © f)p with 
f)p = f^o n p. Regard (I)o)* as a subspace of f)Q by extending functional to f)p 
by zero. In turn, we may view (f)'^)* as a subspace of P)*. Notice that both 
Aq and 6 are in (f)'^)*, thus our formulas define also a bilinear form (-, ■) on 

Set, as usual, Po = | J2a€A+ Pao = I X]aeA+ Let Aj be the set of 
f)o- weights of and define, for j 7^ 



2 



^ J2 (dimflj)^, p. = 5^ (1 - 2j)pj, (2.4) 

^ J2 (dima^)a, paa = ^ (1 - 2j)p„j, (2.5) 



Pa] 
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P<7 = Pa + 9^0, Paa = Paa + ^ 9iK- (2-6) 



Set b = [)o © tt to be the Borel subalgebra of corresponding to our 
choice of Ag . Set n' = n + X]j>o('^'' ® A'')- A L{g, cr)-module M is called a 
highest weight module with highest weight A G f)* if there is a nonzero vector 
f A G M such that 

n'(t;A) = 0, /if A = A{h)vA for /i G f/(L(0, a))vA = M. (2.7) 

Given a weight A in f)*, we let L{A) be the irreducible highest weight module 
for L(g, cr) with highest weight A. 

Similarly, setting n'^ = n' fl L(a, cr), a highest weight module for L{a,a) 
with highest weight ^ G f)* is a L{a, cr)-module N having a nonzero vector 
& N such that 

n'Jfg) = 0, /if^ = ^{h)v^ for G ^)a, U(L{a, a))v^ = N. (2.8) 

Given a weight ^ in f)*, we let V"(^) be the irreducible highest weight module 
for L{a, a) with highest weight ^. 

We retain the setting of p^. In particular, by specializing to A = p in 
the construction of Section 3.2], we obtain a Clifford module that we 
denote by F'^{p) (see also (15. 2p below). This module is denoted by F'^{p) in 



As observed in Remark 3.1 of [12], if M is a highest weight module for 
L{q, cr), then the module X = M®F°"(p) acquires a natural action of L(a, cr). 
Moreover, if K acts on M by kiM, then Ki acts on X hj {k + g — gi)Ix- 
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Remark 2.1. This last property can be restated as follows. Consider the 
map (fa'-^a^ f)'^! defined by 

ipaih) = hifhei)^®Cd, ipa{Ki) = K for all i. (2.9) 

Then, if e is a ^a-weight of X, ^ + P„ G 

Let D be the Kac-Todorov (relative) affine Dirac operator acting on X. 
This is the operator (Gg,a)o" defined in Section 4 of p^. It has the following 
properties: 

1. [D, a] = for all a G L(a, a). 

2. If is a highest weight module over L(o, o") with highest weight ^ 
occurring in X and v & N, then 

D'-v = {\\A+pr- + p.)ir) v. (2.10) 

Notice that 2. above makes sense because of Remark 12. 1[ 

3 Twisted affine Lie algebras 

In the rest of the paper we assume that g is semisimple. 

We now review the theory of twisted affine Lie algebras assuming a inde- 
composable. In particular we show that L{q, a) is an affine Kac-Moody Lie 
algebra. We follow the approach outhned in Section 8.8 of [H] as exposed 
in [ini Ch. 10, § 5]. It is shown in [2] that there is a regular element of g 
that is fixed by a. This in turn implies that in any Cartan subalgebra of 

(in particular f)o) there is a g-regular element. Hence its centralizer is a 
Cartan subalgebra f) of and there is a positive system for the set $ of 
roots of (0, f)) having the property that the automorphism of $ induced by 
a stabilizes Let 77 be the corresponding diagram automorphism of q (cf. 
[m §8.1]). We can write a = rje'^^^'^'^^h) ^-^^^ ^ ^ | ai, . . . } 

be the set of indecomposable roots in A+. Set A to be the set of P)o-weights 
of and set 

(1)o)m = spanM(A). (3.1) 
Following [ini Ch. 10, § 5] we have 

1. Ho- is finite having precisely dim [)o + 1 elements. 

2- (■> ■)|(Oo)Sx(f,o)* is positive definite. 
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3. The matrix A = (aij) where = '^'^ is an indecomposable Cartan 
matrix of affine type. 

As shown in the proof of Lemma 5.10 i) of [10], this imphes that L{g, a) 
is isomorphic to the Kac-Moody algebra g{A). We denote by be its Weyl 
group. Remark that in [121 Lemma 5.3] we have proved that 



(a, a) 



1 Va G n^. (3.2) 



We turn now to the determination of the set of simple roots of L{Q,a). 
As a first case we assume a = rj. Let 6^ be the fixed point set of r] in q. Let 
$^ be its set of f}o-roots. Then = $^ fl is a set of positive roots for 
Let = {«!, . . . ,ai} be the corresponding set of simple roots. Let r 
be the order of i] and set Qi to be the r^-eigenspace in q with the eigenvalue 

g— 27ri/r 

Lemma 3.1. The space gi is irreducible as a tr^-module. Moreover, if 9 is 
its highest weight, then 

= {^5-0}un^. (3.3) 

Proof. It is clear that the simple roots of are indecomposable in $^ hence 

n.^ C n^. By property 1 above we deduce that n^\n^ has only one element 
that we denote by a^. In order to compute ao, we argue as in the proof 
of Lemma 5.10 of [4J. Set u = Ej>o*-' ® ^nd u" = Ej<o^^ ® 0^- Then 
(f) + 6^) © u and (P) + 6^) © u~ are the opposite parabolic subalgebras of 
L{q,v) corresponding to 11^, whose nilradicals are u, u~ respectively. Let 
dp : A^u~ A^^^u" be the boundary operator affording the Lie algebra 
homology H^{ii^). Remark that the Laplacian Li = d^di + 8282 (here d* 
is the adjoint of d w.r.t. the Hermitian form defined in [TTj) is zero on 
t~r ^ g^^/'^ C u~, so that t"^ © 0""'^^'' is a submodule of Hi{u^). On the 
other hand, if is a set of minimal right coset representatives of the Weyl 
group of in W^?? then, by the Kostant-Garland-Lepowsky theorem (see e.g. 
[Hj) and dsn, we have 

^i(^i^) = yi^iPn) -Pr,)= Vis^ip,) - p,) = V{-a,). (3.4) 



Use now the identification gi = t"^ © g^^/** as fi^-modules to deduce at once 
that gi is irreducible and that its highest weight 6 is equal to — (ao)|fio ^'^^ 
in turn that ao = -5 — 6. □ 



9 



We now turn to the general case. Let W^j be the Weyl group of t^, and 
consider 

M = span^i^Wr^e''), (3.5) 
a lattice in i)Q. Define, for a G M, the corresponding "translation" in f)* by 

t^(A) = A + X{K)u{a) - (A(a) + ^\a\^X{K))6, 
and the translation in f) by the contragradient action: 

t^{h) = h + 6{h)a - {{h, a) + ^\a\'^6{h))K. 

As in Chapter 6] one proves that if a G M, then G and that 
Wr, = T X where T = span{ta)- For this remark that sg G W^j since 9 is 
a multiple of a root of trj (see P, Proposition 9.18 (a)]). 

Set ([)o)r = ©oen^I^a^ and t)R = Mrf© MiT © ([)o)r. As usual, exploit the 
bijection 

{/i G I 5(/i) = 1}/RK ([)o)m 

given by the natural projection to define an affine action on (f)o)iR- It is clear 
that tx{h) = h + \ for A G M and that the linear refiection w.r.t. -6 — 9 
maps to the refiection in the affine hyperplane 9 = -. Lemma 13.11 implies 
that 

Cf = {he (fio)M I aiih) > 0,1 = 1,..., I, 9{h) < -} (3.6) 

r 

is a fundamental domain for this action. Therefore, if a = rje^'^^ there 
exists w G Wri such that w{d + h) = d + h' mod M.K with ai{h') > and 
0{h') < i. 

Consider the map a w ^(a) + w ^{a){h)6. This map is a bijection 
between the roots of L{q, rj) and the roots of L{q, a). 
If we decompose as = t\w' , w' G PV^ then 

txw'{a) + txw'{a){h)6 = w'{a) - w'a{X)6 + w'{a){h)6 

= w'{a) + a{{w')-\h - X))6 = w'{a) + a{h')6. 

In particular, if we set 

Si = aAh') for i = 1, . . . , / and sq = 9ih'), (3.7) 

r 

then we have w^^{ai) + w^^{ai){h)5 = w'{ai) + Si6 for i = and 
u!^^ic(o) + w^^{ao){h)6 = —w'{9) + sq5. Hence 

n' = {sq6 - w'{9), si6 + w'{ai), . . . ,si6 + w'{ai)} (3.8) 
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is a set of simple roots for L{Q,a). In particular, the set IIq of the roots in 
n' such that Sj = is a set of simple roots for g^. By finite dimensional 
theory (see [3]), w' (9) , w' (ai) , . . . ,w'{ai) are multiples of roots of 6^. Hence 
there exists an element w" G such that w"{IIq) = Uq. Observe that 

W'^Sa, = txSw'{ai)W' if i = 1,...,/ whilc W'^Sao = ^A+(l/r)«;'(0V)S^'(0)W'. If 

Si = then we can substitute w with Sa^w, thus we can choose w so that 
= tyw"w' . Hence we can assume that Hq = Hq. 
Since A n (Eaefi' ^'^) ^ A n (- Eaefi' ^'^) ^ ^e may 

deduce that A fl X^oefi' '^'^ ~ have proven the following 

Proposition 3.2. Write a = 'qe'^'^^^-^-W with rj a diagram automorphism and 
h G [)o- Choose w G Wr, such that w{d + h) = d + h' mod M.K with h' G Cf. 
Write = t\w' with X E M and w' G Wrj. Set Si = ai{h') for i = 1, . . . ,1 
and So = ^ — 6{h'). We can choose w in such a way that, if 

H = {so6 - w'{6), si6 + w'{ai), . . . , + w'{ai)}, (3.9) 

then the set of roots in H such that Si = is equal to Hq. 

Then the set H in ( \3.9\\ is the set Hg- of simple roots of L{q, cr) corre- 
sponding to A"*". 

4 Preparation on Weyl groups 

In the rest of the paper we assume that q is semisimple and that a is an 
elliptic automorphism (not necessarily indecomposable) of q. 

Recall that we introduced another automorphism fiof q and assumed that 
/io" = cr/i. Extend /i to [)* by setting ^{S) = S and /i(AQ) = Aq. Observe that 
fi induces an automorphism of the diagram of L(g,cr). Indeed /i(A) C A, 
since fia = afi. Since we chose Aq to be //-stable, we deduce from (12.31) that 
/i(A+) C A"*", as desired. 

If J is a /i-orbit in and the root system Aj generated by J is of finite 
type, we let {wo)j be the the longest element of the Weyl group of Aj. If 
Aj is not of finite type, we set {wo)j = 1. Let aj = jj\J2aej ^- Clearly 

= ("i)|^M ior any j G J. 

From now on we assume for simplicity that the action induced by fi on 
the set of components of Ua has a single orbit. 

Lemma 4.1. The set {aj} is linearly independent, hence it is a basis of 
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Proof. Let {Fi, . . . , r^} be the components of Il„ and set f)"^ = [)o © CK © 
X]i=i Crfj (e stands for "extended"). Then extending a G Fj to an element 
a*^ of (f)*^)* by setting a'^i^dj) = 6ija{d), we have that (JlcrY is hnearly in- 
dependent. Extend fi to f)*^ in such a way that fi{di) = dj if /i(rj) = Tj. 
Hence fi{a'^) = n{aY. It is then clear that {{oijY} is linearly independent. 
Set d" = Y.di. By our assumption (^^)'' is Crf^ © f)(^ © C/T. Now the map 
K ^ K , d ^ d^ h y-^ h ii h E \)q is an isomorphisms between f)^ and (f)^)'^, 
thus its transpose is an isomorphism from ((f)^)^)* to (f)'^)* that maps {ajY 
to q;j. □ 

Set _ _ 

Let Wcomm be the group of linear transformations of f)^ generated by the set 
of reflections S = {sa \ « G (no-)||j^}. (Here, if a is isotropic, we mean Sa to 

be the identity). U w E W{fi), we let w be the restriction of w to i)'^. 
Proposition 4.2. The map w ^ w defines an isomorphism between W{fi) 

and Wcomm- 

Proof. First of all we prove that the map w w from W{fi) to the set of 
linear maps on 1)^ is injective. In fact, if w 7^ 1 then there is aj such that 
w{aj) G —A"*". Assume aj G J. Since (A+)|^^ fl (— A"*")!-^^ = 0, we see that 
w{aj) 7^ a J, hence w ^ 1. 

Next we show that the image of the map contains VTcomm- If Aj is of 
finite type, then arguing as in Proposition 9.17 of [3], we see that (wo)j is in 

W{fi) and that (wo)j = Saj- We now check that, if Aj is not of finite type 

then a J is isotropic, so that (wo)j = Saj in this case too. Fix a component 
Jo of J and let (/i)o be the subgroup of the cyclic subgroup (/i) generated 
by fl that stabilizes Jq. Since J is an orbit of {fi), we have that Jo is an 
orbit of (yu)o. If yU^ is any generator of (/i)o, we have that fi^ is a diagram 
automorphism of Jo having a single orbit. Browsing Tables Aff 1-3 of [TT] , 

we see that Jq is of type a[^^ > 1)- But in this case £jo '^i ^ '^^1 ^^^^ 
aj is isotropic. 

It remains to show that the image of the map is precisely Wcomm- This is 
accomplished by showing that W{fi) is generated by 

{(■"^0)7 I J /i-orbit in Hg-}. 

Suppose that w G W{fi) and that w ^ \. Then there exists a simple root 
aj such that vo{aj) G —A"*". We claim that if J is the /x-orbit to which 
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belongs, then Aj is of finite type. If not, we would have that w{Aj fl A+) C 
— A"*", which is impossible for Aj fl A+ is infinite. But then we can argue as 
in Proposition 9.17 of |^ by induction on i{w) to conclude. □ 

Corollary 4.3. Let A G f)^. Assume that (A, a) > for any a G A"*" and 
that {\ + Pa)\t)p = 0. Suppose that there is w E such that w{\ + pa)\t,p = 0. 
Then w G W{fi), hence w G PVcomm- 

Proof. We shall prove that if /i G f) is regular w.r.t. A, fixed by n and such 
that Re{5{h)) > 0, then 

w G W^, ii{w{h)) = w{h) ^ w e W{fx). (4.1) 

Since by (13. 2p h = \ + p^- is regular and (5, A + Po-) > 0, the claim follows 
from (14. II) and Proposition 14. 2[ 

To prove (14.11) . remark that, since ap = pa, we have that /i(A) = A. 
Since p preserves the form (-, ■), we have that pW„p~^ = W„. Hence w{h) = 
p{w{h)) = pwp~^{p{h)) = pwp~^{h). Since h is regular, then w = pwp~^. 

□ 

Corollary 4.4. Write a = T^e^™'^*-'^^ with /i G f)o and assume that prj = Jjp 
and that 11^ is p-stable. Then we can choose h and the element w G Wr, 
given by Proposition \3.2\ in such a way that p{h) = h and wp = pw. 

Proof. Write explicitly 11^ = {cti, ...,«;}. Since ap = pa and prj = rjp, we 
have that e'^'^'"'^'^'^^ = e2'^^'^'='('*('^)) , hence 

p{h) - /i G {x G f)o I ai{x) G Z, 1 < i < /}. (4.2) 

Choose h such that < Q;j(/i) < 1, 1 < i < /. Since p permutes 11^, we have 
< ai{p{h)) < 1, 1 < i < /, hence, by (iSI), pih) = h. 

Let w G be the element given by Proposition 13. 2[ The map from f)* 
to f)* given by a i-^ a — a{h)5 maps IIo- to w~^(n^). Since is /i-stable 
by construction and p{h) = h we see that w~^(n^) is yU-stable. In particular 
w~^(p^)|(,p = 0. Since we are assuming that is /i-stable, we also have that 
iPv)\bp ~ ' hence, by Corollary 14.31 wp = pw. □ 

We now prove that lycomm is a Coxeter group. This is done using the 
abstract approach of Steinberg [22] . 

Lemma 4.5. Let P = {aj \ Aj of finite type}, S = VFcomm(-P)- Then 
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1. = S for all a E P. 



2. The elements of S are nonisotropic. 

3. The elements of P are linearly independent. 

4- = S+US^, where each element ofT,^ (resp. S^j is a linear integral 
combination with positive (resp. negative) coefficients of elements of 
P. 

5. If a eT, then —a G S hut no other multiple of a belongs to S. 

Proof. First of all observe that, if there is an orbit J such that Aj is not of 
finite type, then, this orbit contains a component of 11^. By our assumption 
on /i this implies that there is only one orbit, thus, in this case, there is 
nothing to prove. 

We can therefore assume that Aj is of finite type for any orbit. In this 
case: 

1. This is an obvious consequence of the definition of S. 

2. It suffices to show that the elements of P are nonisotropic and this is 
clear since the invariant form restricted to Aj is positive definite being Aj 
of finite type. 

3. This follows from Lemma [4.11 

4. If a G S, then, by Lemma 14.21 there is m G W^jji) and /? G Ho- such 
that a = u{{P)^-^f,) = Since is a root for L(g, cr), then is an 

integral linear combination of the elements of Ho- such that all the coefficients 
have the same sign. Restricting to f)'^ we obtain the result. 

5. Suppose that a = w{[3) with w G Wcomm and [3 E P. Then —a = 
wsp{(3). Suppose now that a and ca are in S with c ^ ±1. We can clearly 
assume that a E P. Thus we can write ca = w{[3) with a,/3 E P. It is clear 
that (3 a. By 3. and 4. above we can assume that c G N, c > 1. Then 
w~^{a) = By 4. this says that = ^^gpa;^7 with x-y E Z and this 
contradicts 3. above. □ 

Corollary 4.6. (PFcomm, P) is a Coxeter system. 

Proof. Properties 1-5 in the above Lemma allow us to apply Deodhar's "root 
system condition" (cf. P, §2]). The hypothesis of part 2) of the Main The- 
orem of [6j follow at once from Lemma [4.51 and the definition of S, possibly 
with the exception of (ii) in Deodhar's statement. This last condition follows 
from 4. and 5. □ 
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Let Wa be the Weyl group of L(a, a). We need to realize Wa as a subgroup 
of VFcomm- This is accomphshed by the next Lemma. 

Lemma 4.7. Let a be a real root of A. Then a^-^^, is either isotropic or is a 
multiple of a root m S. In particular G Wcomm- 

Proof. First remark that the aj are simple roots for an affine root system 
S"-^-^, whose set of real roots is S. Take a G A"*". Then G ^jZ>oaj, so 
we have a notion of height htr {r stands for "restricted") for 

Set P = a||j^.We shall prove by induction on htr that P is either isotropic 
or is a multiple of a root in S. If htj.{l3) = then clearly f3 is isotropic. So 
we can assume that htr{(3) > 0. Two cases arise. 

1- iP,aj) < for all J. 

We prove then that (3 is isotropic, by showing that it is an imaginary root of 
w/"g ^gg Lemma 5.3 of [llj, where it is shown (in our context) that the 

set 

w ^ /,^>oC^J 1 \ {0} : (7, Oj) < OV J and Supp{^) is connected > 



consists of positive imaginary roots. We have only to verify that Supp{j3) is 
connected. Suppose this is not the case. Then we can write P = Pi + P2 with 
Supp{Pi) = Bi, Supp{P2) = B2, («/, aj) = for / G Bi, J G B2. Since 



and J n / = 0, we have (oj, aj) < Vi G /, j G J, hence (a,, aj) = Vi G 
I,j G J. In turn we get that Supp{a) is not connected, and this is a contra- 
diction (see e.g. [11, Proposition 1.6]). 

2. There exists I such that {P,aj) > 0. 

We have 

((i(7o)/(a))|(^M = SajiP) = P- cai. 

Since (/?,«/) > 0, we have that c > 0, and in turn htr{P — cai) < htr{P)- 
up — cai € X]j^>octJ we are done by induction. Otherwise Saj{P) G 
— ^jZ>oaj and this implies (wo)/(q;) G —A"*". Hence a G Xlie/^'^i ^"^^ 
turn it restricts to a multiple of a/, as wished. □ 

If /3 G A|-jj^ and it is not isotropic, then we set Red{P) to be the unique 
element of S such that P = cRed{P) with c > 0. By Lemma 14.71 Wa is a 
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reflection subgroup of tlie Coxeter group VFcomm generated by tfie reflections 
in Redijla). Let W be the set of minimal right coset representatives of Wa 
in VFcomm- Recall from [7] that W can be characterized as 

W' = {we l?comm I w-\Red{Al''^)) C (4.3) 

where A^*^'"*" is the set of positive real roots in A+. 

5 Main result 

We first recall (e.g. from [12]) the construction of the Clifford module F°"(p). 
Suppose that V is a complex finite dimensional vector space endowed with 
a simmetric bilinear form (-, ■) and a is an elliptic linear operator on V (i.e. 
diagonalisable with modulus one eigenvalues), leaving the form invariant. 
Write V = ^ , where is, as usual, the cr-eigenspace with the eigen- 

value e'^'^^K Consider 

V = 0(t^"^ ® V^) (5.1) 
jeM. 

endowed with the bilinear form < f ®a,P ®h >= 5j+j^_i(a, 6). Let Cl{V) be 
the corresponding Clifford algebra. We choose a maximal isotropic subspace 
of V as follows: fix a maximal isotropic subspace U of V^, and let 

F"" = ( (t^'-5 ® v^)) © (r^ ® u). 

Let 

F"(\/) = a(F)/C/(F)F^. (5.2) 

We specialize to the case when V = the orthocomplement of a in g, 
and (J is an elliptic automorphism of g restricted to p. We then make the 
following specific choice for U: let A(p-') be the set of f)o-weights of p-'. Set 
A+(pO) = A(pO)n(A+)|,M and 

ae±A+(pO) 

Thus we can write 

P° = f|p©p+©p". 

Choose a maximal isotropic subspace f)p of f)p. Then U = P)+ © p+. Set 
L = dim [)p and Z = [^\ = dim f)+. Fix a basis {fj} of i)p such that {fj | z < /} 



16 



is a basis of [)p and (fj, vl^j+i) = 6ij. Fix weight vectors Xa G and set, 
for j E j, i E Z and s = 1, . . . , L, 

Set also 

J- ={(j,«) I J < 0, a G A(p^)} U {(0,a) | a G -A+(pO)} 

U {(i,s) I i G Z,i < 0, s = 1,. . U {(0,s) | L - s + 1 < /}. 

Putting any total order on J_., the pure spinors 

Vix,si • • • Vi^.Sf^^mi,/3i ■ ■ ■ ^mk,l3k (5-3) 

with (ii, si) < ■ ■ ■ < {ifi, Sh) and (mi, < ■ ■ ■ < (m^, in J_ form a basis 
of F'^(p). 

It is shown in ^21 Lemma 5.1] that the vector in (15.31) is a weight vector 
for the action of fia on F'^{p) having weight 

pa - Pa,a + ^^iq5 + '^{uipS + (3p). (5.4) 
q p 

Set 

5 = G ^* I ^ = ^ 0<np < dim L{g,a),3, n^? = a.e.}. 

/3eA+ 

It is easy to see (cf. [TTl Lemma 3.2.3]) that p„ — S is stable under the action 
of I?,. 

In the following lemma we adapt the proof of Lemma 3.2.4 of [17] to the 
present situation. 

Lemma 5.1. Assume (A + Po-)|]Jm = 0. Suppose that X G (f)^)* is of the form 

r||j^ +z/, with T a weight of L{A) and —f>acr o i)a-weight of F'^{p). Then 

there is v E VTcomm such that v{X) = A + p^r if and only if v{t) = A and 
v{u) = 

Proof. Clearly 

v{\) = A + <^ ^(^i^m) - a = At - v{v). 

Since V5*(z^) — Pao- is a weight of F'^(p) then z/ is a fi^-weight of F'^(p) ® 1 C 
F'^(g). The Pi'^-weights of F"{q) are in the set pa — Since v G PVcomm 
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and Pa — S is iyo--stable, we see that f (z/) G Po- ^'^iI^m- It follows in particular 
that Per — f(z/) G X^aeP^Q^- Since v{t) is a weight of L{K), K\^^ = and v G 
W^comm, we have that {A-v{t))^-^^ = -{v{t^-^^) - A) G E^gp Comparing 
these two observations we find that (A — v{t))^^^^ = and f (z/) = p^. Since 
A — f (r) is a sum of positive roots, we find that v{t) = A. 

□ 

For w G Wa set 

Ar(u;) = {a G A+ I w-\a) G -A+}. 

To simplify notation we set ||A|| = || (v^a)"^'^) II whenever A G '^lUi)^)*) ■ In 
the following proposition we need to exploit the assumption we made that the 
form (•, ■) is positive definite when restricted to the real space (()o)k defined 
in (13.11) . Moreover observe that, since p stabilizes ()o, it permutes the set A of 
()o-weights of g, hence p(({)o)r) = (f)o)R- In particular we have the orthogonal 
decomposition 

(Mr = (Mm n (D'^r © (Mr n f);. 

Recall that a weight A G f)* is said to be dominant if (A, a) G M for any 
a G A and (A, a) > for a G A+. If we write A = kAo + A|(,„ + (Aq, A)5 
then A dominant implies k = (A, 6) > 0. 

It is shown in (TUl Ch. 10, § 5] that A generates f)o over C. This implies 
that A G (f)o)R if and only if (A, a) G M for any a G A. In particular if A G [)* 
is such that (A, a) G M for any a G A, then A|(,q G (f)o)R- Thus we have an 
orthogonal decomposition 

with 

A|^;^ e (Mm n ([)^r A|^^ G (M;^ n f^;. (5.5) 
Recall that A G f)* is said to be integral if 2^^^ G Z for any simple root 

a. 

Proposition 5.2. Suppose that A G f)* is dominant integral. Let u be a 
weight of L{A) (g) F'^(p) such that 

\W + Paall = ||A + f)a\\. 

Then there is w & such that 

w{A + p^) = i^:)-\u + p^). (5.6) 
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Proof. Observe that (v9;)-^(z/ + pc^) is a (^''-weight of L{A) (p) ® (a) = 
L(A) ® F'^(g), thus 

iviy^^ + Paa) = {X + pa- 

with A a weight of L{A) and s E S. Since (A + po- — s){K) = k + g > 0, we 
can find v G PVo- such that v{X + Po- — s) is dominant. The set of weights 
of L{A) is PVo--invariant and the same holds for po- — S, hence we can write 
v{\ + Pa — s) = A' + Per — s'. It follows that ||A + po- — s|| = ||A' + po- — s'\\, so 
we have 

+ - \\X + At - sf = (A + p^ + A' + p^ - s', A - A' + s'). 

Since A — A' + s' is a sum of positive roots and A + po-, A' + Po- — s' are both 
dominant, we obtain that 

||A + P,|| > ||A + p^-s||. 

On the other hand 

ll'^ + Paall = Wi^^ + Pa - S)\1,A < \\X + Pa-S\\ < ||A + p^|| 

SO, since ||z/ + paa\\ = ||A + Po-||, we obtain equalities. Since A + po- is regular 
we find that 

= ||A + p^f - ||A + p^ - sf = (A + p^ + A' + p^ - s',A - A' + s') 

implies A = A' and s' = 0, so A + po- = v{\ + po- — s). Moreover || (A + po- — 
= II^+At-s|| implies II (A + p^ - s)|(,J| =0. Since (A+p^-s)|(,„ G ([)o)k 
and the form (-, ■) is positive definite on (f)o)iR we obtain that (A + Po- — s)^^^^ = 
and (A + p^ - s)|^^ = A + p,^ - s. Thus 

Taking w = v^^ we obtain (15. 6p . as wished. □ 

We are now ready to prove our main theorem. 

Proof of Theorem By Proposition 15.21 there exists w G Wa such that 
w{A + po-) = ((y9*)~^(z/ + Paa)- By Corollary 14.31 we may assume that w G 
W{n). We claim that w G W and that for any w G W the corresponding 
submodule occurs with the prescribed multiplicity. The proof of the first 
statement follows from (14.31) . For the second statement we first observe that. 
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if w G W and N{w) = {ipi, • • • , ipk} with ipi = ni6 + 7^ then g^^ C p. Indeed 
any Z G g^. decomposes as Za+Zp according to the orthogonal decomposition 
g = a © p. If 7^ then {i>i)\-fj^ is a root of L{a,a). Since w G W{^), 
= e (-A+)|^^. This implies that Red{{'^|Ji)^-^^^) G A^(w). 

This is not possible because N{w) C T,~^\Red{A^^^'^) . 

I rank(B°))-rank(o°) + l i 

Now consider the 2L 2 J vectors x ® yi, where a; is a weight 

vector in L(A) of weight w(A) and {yi} = {vqj^ . . . t;o,jh^-ni -71 • --^-n^-^^, \ 
L — jr + 1 < 1} (notation as in fl5.3p ). Recalling that Yli=i = Pa- — w{po-), 
we see that all these vectors have weight u. By Lemma 15.11 if a vector in X 
has weight u then it is a linear combination of vectors x ® i/i- We end the 
proof by showing that they are highest weight vectors. If not, there exists a 
simple root G Iln such that z/ + is a weight of X, and so 

\W + Paa + ai\\^ = ||A + Pair + ||«iir + 2(w(A + p^),ai) > ||A + p^|p. (5.7) 

(Note that {w{A + pa).,ai) > since w G W). On the other hand, by 
complete reducibility, a weight vector v of weight u + ai should belong to an 
irreducible highest weight L(o, cr)-module of highest weight rj. It is a general 
fact that Wu + + fttlP < H?? + Pao-lP, heucc, by fl5.7p . we have 

WV + PaaW^ > ||A + p,||2. 

Since v G Ker{D), this relation contradicts fl2.10p . □ 

Remark 5.1. If rank(g'^) = rank(a°), formula fll.ip specializes to formula 
(5.5) in Theorem 5.4 of [12\. This latter theorem is a generalization to arbi- 
trary a of [T8t Theorem 16]. 



6 Decomposition of Clifford modules as rep- 
resentations of orthogonal affine algebras 

Given any complex finite dimensional vector space V, a nondegenerate sym- 
metric bilinear form (-, ■) on V, and an elliptic automorphism T of leaving 
(•, ■) invariant, we can construct the Clifford modules F'^{V). 

In this section we use Theorem 11.11 to describe the decomposition of 
F^iy) as a L(so(l^), A(i(T))-module. This is accomplished by considering 
the symmetric pair {so{n + 1), so{n)). 

We now describe this in full detail. Set V = V Q) C and extend ( , ) to 
V by setting {v, 1) = 0, (1, 1) = 1. Then so{V) embeds in soiV). We endow 
so{V) with the invariant form {X,Y) = ^tr{XY). 
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Extend T to an automorphism T of V by setting T(l) = 1. For v & V 
define Xy G soiV) by + c) = cv — {v, w). Then TXyT~^ = Xt{v)- Set 

cr = Ad(T). Set also /i = y4(i(— Jy) and note that fia = afi. Observe that fi is 
an involution of so{V) and, if soiV) = o © p is the corresponding eigenspace 
decomposition, then a = so(y) and p = {X^ \ v & V}. In particular the 
pair {so{V), so{V)) is a symmetric pair. Note that, identifying V with p, the 
adjoint action of soiV) on p gets identified with the natural action of soiV) 
on V. 

Since F'^{V) is precisely F'^{p), by applying our machinery we can turn 
it into a L(so(\^), (j)-module. We wish to compute its decomposition into 
irreducible factors. In order to accomplish this, we observe that, by the 
explicit formula for the Dirac operator D given in |12i Lemma 4.5], D acts 
trivially on F'^(p), hence Theorem 11.11 provides the desired decomposition. 

Recall that Ad{T) is an automorphism of so{V) that is not of inner type if 
and only if dim V is even and det{T) = —1. Recall also that det{T) = det{T). 
The L{so(y), o")-structure of F^{V) depends on the type of a and of a\a. we 
now discuss the various cases. 

Suppose first that dim\^ is even and that det{T) = 1, so a\a is of inner 
type, hence there is a Cartan subalgebra f) of o fixed by cr. Since dimV^ 
is odd, a Cartan subalgebra of a = so{V) is also a Cartan subalgebra of 
so{V). Thus, in this case, f) = f)o = ^o, hence f) = f)'^ (i.e., we are in an 
affine equal rank setting). In this case Wcomm = W^. We need to compute 
the coset representatives of Wa in Wo-. Write a as with /i G f)o- Let 

{ai, . . . , a;} be the set of simple roots of so(V^), let 9 be the highest root 
of both so{y) and soiV). Observe that the Weyl group of L[so{y), ly) has 
index two in the Weyl group of L(so(V^), ly) and {1, Sai) is the set of minimal 
length coset representatives. Choose w as in Proposition [32] and observe that 
the Weyl group of L{so{y), ly) stabilizes the set of roots of L{so{y), Jy). It 
follows that the map a i— > w~^{a) + w~^{a){h)5 is a bijection between the 
roots of L{so{y),Iy) and the roots of L{so{y),a) that maps the roots of 
L(so(V^),/y) onto the roots of L{so{y),a). This implies that Wa has index 
two in Wa and, if [3i = w~~^{ai) + w^^{ai)(h)S, then {l,S/3;} is the set of 
minimal length coset representatives. This implies that 

F^ip) = F^iV) = V{pa - Pa,.) + V{spXPa) - 

Since the simple roots of L{so{V), ly) are 

{ao = 6 - ©,«!, . . . ,ai-i, Saiiai-i)}, 



21 



we have that the simple roots of L{so{V),(7) are {/3o, . . . , 
where Pi = w~^{ai) + w~^{ai){h)6. 

Set Aj be the fundamental weights of L{so{V),cr) normalized by setting 
Ai{d) = and set si = Pi{d). It is clear that {pa — Pa,o-){Pi) = for z < Z and 

(Pa - Pa,a)(sA(A-l)) = 1- AualogOUsly (Sft(p^) - pa,a){Pi ) = for Z < / - 1, 

(■5ft(Pa) - Po,<7)(sft(A'ii)) = 0, and - pa,a)il3'/-i) = 1- This implies 

that 

F'^ip) = F^{V) = V{Ai) + V{Al^^ - Si5). (6.1) 

Suppose now that dim\^ is odd and that det{T) = 1. Then a is an inner 
automorphism of so{V), hence f)o is a Cartan subalgebra of so{V). Since 
a\a is of inner type, we have that P)g is a Cartan subalgebra of soiV). This 

time f)o 7^ f)o, thus we need to identify the group Wcomm- Since all the orbits 
of /i on the set of simple roots of so{V) are made of orthogonal roots, the 
restriction of the set of roots of so{V) to f)o is the set of roots of soiV). In 
particular, since the highest root 9 of soiV) is fixed by p, 9|[,m is the highest 
root of so{V). This implies that, if 11 = {ai, . . . , ai} is the set of simple roots 
of so{V) and 11 = {6 — Q,ai, . . . , ai}, then n|-^^ is the set of simple roots of 

L{so{V), Iso{v))- Let W be the Weyl group of L{so{V),Iy). Choose h e i)o 
such that a = e^'^^"''^^^^ and let w & W be the element given in Proposition 
I3.2[ Since [)o is a Cartan subalgebra of soiV) and {)o is its centralizer in 
so(y), we can choose 11 to be /i-stable. We can therefore apply Corollary 14.41 
to have /i G P)q and wp = pw. Hence w = is an element of the Weyl 

group of L{so{V), Iso{v)) and the map a t-^ w~'^{a) + w~^{a){h)6 restricts 
to (P)'^)*, mapping H|-^^ onto a set of simple roots of L{so{V),a). Moreover, 
this set is clearly (U^)^-^^. This imphes that VFcomm is the Weyl group of 
L{so{V),a), so W' = {1} and 

F'^ip) = F^iV) = 2Vip^-p,,^). 

Set Pi = w~^{ai) + w~^{ai){h)6 for i = 1, . . . , / and Po = w~^{6 — 6) + 
w~^{S — Q){h)6. Assume that we labeled simple roots so that = if 
i < I — 1 and that = {ai)\i,i^^ is the short simple root of so{V). Then 

(Pa - Pa,a){Pi) = for Z < / - 1 whilc (/^ - Pa,a) {{Pl-l\t,^y ) = 1, thuS 

F'^(p) = F^{V) = 2V(Vi). (6.2) 

If dim\^ is odd and det{T) = —1, then a\a is of inner type while a 
is not. This implies that {)q is a Cartan subalgebra of soiV) and, since 
rk{so(y)) = rk{so(y)) + 1, its centralizer 1)q in 0° must be Pig. Hence f) = f)'^ 
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and Wcomm = Write as usual a = ne^-^'-°'d{h) ^j^j^ ^ ^ Since ii{h) = h 
we have that fit] = rjfi. By inspection one checks readily that this implies 
T] = fx, thus we can write a = jje'^'^^<^'iW _ Let 11 = {ai, ...,«;} be the set of 
simple roots of soiV) and 9 the highest weight of V as a so(K)-module, so 
that n = {^6 — 9, ai, . . . , ai} is a set of simple roots for L{so{V) , fi) . Assume 

that the roots are labeled so that {9,ai) = 1. Then, since 9 = Yli=i'^ii 
have that se{ai) = —9, where 9 is the highest root of soiV). This implies 
also that 5—9 = si^_g(Q;i). It is known (see [1]) that index of the Weyl group 

of L{so{V), ly) in the Weyl group of L{so{V), fi) is two and that the set of 
minimal coset representatives is {l,sig_g}. Since a set of simple roots for 

L{so{V), Jy) is {5 — 9, , a„} = {s ig_g{ai) , ai, . . . , ai} we see that Wf^ 

stabilizes the roots of L{so{V), Jy). Hence, arguing as in the previous cases, 
we can choose w G PV^ as in Proposition 13.21 and find that Wa has index two 
in Wcr and the set of minimal length coset representatives is W = {1,3/3^^} 
where Pq = w~^{^6 — 9) + w~^{^6 — 9){h)5. Thus Theorem 11.11 shows that 

Setting Pi = w~^{ai) + w~^{ai){h)6, we find, arguing as above, that 

F'^ip) = F^{V) = V{Ko) + ^(Ai - s,5). (6.3) 

In the last case we have that det{T) = — 1 and dim^ is even. In this 
case a\a is not of inner type, so dim [)q = dim V — 1, while, since a is of inner 
type, dimPio = dimV". By Proposition 13. 21 we can write Hg- = {sq^ — 9,Sl(5 + 
Q;l, . . . , + a/}, where {ai, . . . , a/} is a set of simple f)o-roots for so{V) and 
9 is the corresponding highest root. We now prove that if a G Ho- then a^-^^ 

is a root of L(so{V), a). Since p induces a nontrivial automorphism of the 
diagram of L{so{V), cr) we see that p exchanges so5— 9 with Si6+ai and fixes 
all the other simple roots. This implies that sq = si and that p{ai) = —9. 
Let X be a nonzero element of so(yY^_^ © so(V^)1°q that is fixed by p. Then 

® X is in L{so{V),a) and its fi'^-weight is {so6 — 9)||j^ = {si6 + 
If a = Si6 + tti is fixed by p then we claim that /i(Xa.) = Xq,-. Indeed, if 
p{Xai) = — Xq,., then Xq,. = X^ for some v E V. If /i G f)p then h = X^ with 
w E V and, since p{ai) = ai, ai{h) = 0. But then [/;,, Xq-] = [Xt„,X^] = 
0. One easily computes that [X^,X^](c + u) = {u,w)v — {u,v)w, hence 
[Xi,, X^] = if and only if v and w are linearly dependent. In turn, this 
implies X^. G f)p which is absurd. It follows that t^^ ® X„. is an element of 
L{so{V), a) having weight {si6 + aOihM) desired. 
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Since in this case the orbits of n on U^r are made of orthogonal roots, 
the proof of Lemma ITTl imphes that A|-^,j C S. Having shown that (ncr)|^p 

is a set of roots of L{so{V),a) we deduce that Ha = (no-)|-fjp. In particular 

W^comm = Wa and W = {1}. Theorem 11.11 implies in this case that 

F'^ip)=F^iV) = 2Vi%-M- 

Set (3i-i = {si6 + for i = 2, . . . , / and (3o = {soS - 6)|[j^ = {si6 + 

ai)|f^^. Then (p^ - Pa,a)(A^) = for i > while, since ||/3of = il|0||^ 

(pa - Pa,a)(/?o) = 1' ^^US 

F-(p)=F^(V) = 2V(Ao). (6.4) 



Let us apply the above discussion to the special cases when T = ±Jy. 
Since a\a = ho(v) in these cases, F^^"^ {V) is a L(so(\^), /cjo(v))-niodule. Let 
n = {ai, . . . , be the set of simple roots for soiV) labeled as in [HI TABLE 
Fin] and let 6 be the corresponding highest root. Setting = 5 — then 
Ha = {tto, •••,«;}• Let Aj be the corresponding fundamental weights. 

If T = — Jy, it follows from Lemma (3.11 (or rather from its proof) that, 
if 6 is the highest weight of V , then Ho- = {|5 — 6^, ai, . . . , a;}, hence, since 
■si5_5)(ai) = (5 — 0, it follows from (16. ip and (16.31) that 

(Note the different labeling of the roots in (16.11) .) 

If T = /y and diml^ is even, we can choose a root (3 for so{y) so that 
{«!, . . . ,«;_!,/?} is a set of simple roots for soiV) and = S/3(a;_i). Since 
in this case Ho- = {5 — 6, ai, . . . , a^-i, /3} we deduce from (16.11) that 

F'-{y) = v{Ki^i) + v{Ki). 

If dim V is odd then, since in this case (no-)|-jj^ = {5 — 6, cti, . . . , then 
relation (16.21) implies 

F'^V) = 2V{Ki). 

The previous discussion explains why the Clifford modules -F~^^(V^), 
F^^iy) are also called the basic+vector and the spin representation of 
L{so{V),Iso{v)), respectively. 
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7 Decomposition rules of level 1 modules for 
symmetric pairs. 



We now assume that /i is an indecomposable involution of g and write g = 
i(Bp for the corresponding (complex) Cartan decomposition. In this section 
we apply Theorem 11.11 with A = to the following two special cases. In the 
first case we take a = /i and a = t, while in the second case we take a = Ig 
and a = t. In the first case -F'^(p) = (p) thus it realizes the basic+vector 
representation of L(so(p),/p), while in the second case -F'^(p) = -^'^''(p) so it 
is its spin representation. Since the pair (g, i) is symmetric, it follows from 
the explicit expression for D given in [121 Lemma 4.5] that D acts trivially 
on F'^(p). Since the action of L{t,Ii) on -F'^(p) is just the restriction of 
the action of L{so{p), Iso{p)) to it, Theorem 11.11 provides the decomposition 
rules for the basic+vector and the spin representation of L(so(p), Iso(p)) when 
restricted to L{t,Ii). In this way we recover the formulas we already found 
in [ig. 

7.1 Decomposition of basic+vector representations 

Since in this case a = fi we have clearly P)o = i)o, so lycomm = and 

W' = {w eWa\ N{w) C A+\A+}. 
Since % = gAo + po and p^^^ = J2i 9i^o + Po we see that 

(See [5l Theorem 3.5]). 

7.2 Decomposition of spin representations 

We consider four cases: 

1. g is simple and p of inner type. 

2. g is not simple. 

3. g is simple of type A2n+i, Dn, Eq and p not of inner type. 

4. g is simple of type and p not of inner type. 
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7.2.1 Case 1. 



In this case P) = f)^ thus PVcomm = W/g and 

W' = {we Wi^ I N{w) C A+\A+}. 

Let p, Pi be half the sum of the positive roots of g and 6 respectively. Then 
p/g = 5fAo + p and pij^ = J2i 9iK + P«- I* follows that 

KerD = F'^ip)= J2V(J2(9-9^)K + P-Pi+ E 

7.2.2 Case 2. 

In this case g = 5 © s is the sum of two copies of a simple algebra s, a = Ig 
and p is the flip automorphism p{X,Y) = (Y,X). It follows that t is the 
diagonal copy of s in s ©s. If Pig is a Cartan subalgebra of s, then f) = ()s © f)s 
and P)g is the diagonal copy of ()s in P). It follows that P = U^-^^ = Ilf, hence 

Wi = PVcomm- Let {■,-)s be the form (-, ■) restricted to the first factor of 
g = s © s. Since the form is /i-invariant, we see that (■, ■) = (■, •)s © (•, ■)^. If 
2gs is the eigenvalue of the Casimir of s when acting on s then the eigenvalue 
of the Casimir of g when acting on q is 2gg. Hence g = g^. On the other 
hand, identifying s and t, since (■,-)|« = 2(-, we see that the eigenvalue 
of the Casimir of t when acting on t is g^. Letting p be half the sum of the 
positive roots of s, we deduce that pi^ = g^Ao + 2p, while pij^ = yAo + p, 
i.e. p/ji = 2'pij^. Thus Theorem 11.11 (with A = 0) in this case gives that 

7 , , I rankQ-\-l i , ^ 

KerD = F^»(p) = 2^^^^V{pij^). 

7.2.3 Case 3. 

First note that P)q is a Cartan subalgebra of t (since in this case a = Jg). 
Write as usual p = ■qQ^'^'>-°-<^W with 77 a diagram automorphism and h G f)Q. If 
/ is the rank of t set 11^ = . . . , [3i} and let tUj be the unique element of [)o 
such that (3i{wj) = 6ij. Set also cug = 0. Since p"^ = Jg Kac's classification 
of finite order automorphisms implies that there is i such that p = rje'"^'^'. 
Let (A;) be the set of short (long) roots of If p = 0, 1, set Af = {/? G 
A; I Piwi) = p mod 2}. Set also Af = {m6 + a | m G Z, a G Af}. 

Let G be the highest root of g. Since the /i-orbits in 11 are made of 
orthogonal roots, we have that $|(,|^ = Hence O = 0|(,|^ is the highest 

root of tr)- This implies that P is the set of simple roots of L(t^,Jf,J. It 
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follows that PFcomm = W^t^ • Moieover S is the set of real roots of /{^) i. 
e. the roots of the form + (3 with 

It is shown in [S^ § 4.4.2] that Aj = U is the set of roots of t. Hence 
the real roots of L(6, /{) are the roots of the form 1716 + (3 with /5 G A^ U A^ 
with m G Z. It follows that the real roots of Ag are roots in S and, if is 
the set of roots of L{tr,, h^) and is the set of positive roots, then 

W' = {we I N{w) C $^\A+} = {m; G I N{w) C A^ n $+}. 

Set p = Pig. If is a simple root of P then = a^-^^^ with a G Hj^ . Using the 

fact that g is simply laced we find that (p, P) = (p, a) = is independent 

of a. Setting oq = it follows that p = aou^p'). Here z/ is the isomorphism 

from f)^ to (f)^)* induced by the form (-, ■) and p' is the unique element in 
Cd © f)Q such that l3{p') = 1 for all /3 G P. The final outcome in this case is 
that 

KerD = F'^{p) = 2L^^^J ^ y(<^;(aow(z/(p'))) - p^)- 
7.2.4 Case 4. 

If g is of type then p is a diagram automorphism of g. Recall that we 
are setting a = Ig so f}Q is a Cartan subalgebra of t. Let A{ be the set of 
roots of t and A^ a set of positive roots. 

Let As, A; be as in the previous case. Set also A^, = {m6 + a \ a E 
As, m G Z}. 

Note that in this case P coincides with the set given in p[T], (8.3.6)] (and 
called H there). In [TTl § 8.3] it is shown that this set corresponds to a set of 
simple roots for the set {mS + a \ a E A^, m G 2Z} U {a + m6 \ a G Ap, m G 
2Z + 1} U {mS I m G Z, m 7^ 0}. It follows that 

S = {m6 + a \ a e Ai, m e 2Z} U {a + m(5 | a G Ap, m G 2Z + 1}. 

As shown in Section 4.2.2 of [_5J, we have that, if $ is the set of roots of 
Q, then = Af U 2As and, if Ap is the set of nonzero weights in p, then 

Ap = $|[,(^- The set of real roots of L{t, 1^) is Sf = {a + m6 \ a G Af, m G Z}. 
It follows that Sf is a subset of S and 

W' = {we l?comm I N{W) C 

= {we W^comm I N{W) C (6 + 2 As)}. 
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Defining p, oq, and v as in the previous case, we find in the same way 
that p = QqI'^p'). The final outcome in this case is that 

J. I dim [30+1 I ^ — ^ 

KerD = F'^{p) = 2^^^^ ^(^*a(«o^('^(p'))) " P«)- 

wew' 

Remark 7.1. The description of W given in all the above cases quickly 
leads to a combinatorial interpretation of the highest weights occurring in 
the decomposition of KerD in terms of abelian subspaces of p. We refer the 
interested reader to Sections 3.1, 4.1, 4.3.2 and 4.3.3 of [5]. 

8 Asymptotic dimensions 

The asymptotic dimension of an integrable irreducible highest weight module 
over an affine algebra is a positive real number, which has all properties of 
the usual dimension (e.g., it is well-behaved under tensor products and finite 
direct sums). In this section we discuss some results on the asymptotic 
dimension of multiplets, and we take the occasion to correct the proof of a 
result which has been (correctly) stated in [12j . 

Let V = V{A) be an integrable irreducible highest weight module with 
highest weight A over the affine algebra L{a, a), with a semisimple Lie algebra 
and a indecomposable. The series 

chvir, h) = trve^^''^-^'^^+^^ 

converges to an analytic function of the complex variable r, if Im r > 0, for 
each h m a, Cartan subalgebra of a°. The asymptotics of this function is as 
follows: 

chv{it,ith) ^ a{A)e^ , (8.1) 

as t G M^, t ^ 0. Here k = A{K) is the level of A, c{k) is the conformal 
anomaly [TTl (12.8.10)] and a(A) is a positive real number independent of h 
called the asymptotic dimension of V{A). 

We want to extend the notion of asymptotic dimension to the reductive 

s 

case. Hence, let now a be a reductive Lie algebra and let a = aj be its 

j=0 

decomposition into the direct sum of the eigenspaces for the action of the 
Casimir of a. We assume that ao corresponds to the zero eigenvalue, i.e., ao 
is abelian. For each j we can write = (BiCiji for the decomposition of aj 
into (T-indecomposable ideals. 
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Since V is irreducible, then it is an outer tensor product of irreducible 
L{aji, cr)-modules with highest weights A-'* of level kj. We define the asymp- 
totic dimension of V as 

s 

asdim(F) = n(n^('^^'))' 

j=l i 

and we set asdimV^ = 1 if a is abelian. 

If [)o is a Cartan subalgebra of oP then set 

i>o i>o 

so that any A G f)* can be uniquely written as A = A(o) + A(i) + a^Q, A(o) G 
-^(1) ^ '^(i)' Note that, by the above convention, 

s 

asdim(\/(A)) = lira e '"j=i ' ' chv(A^^.^){it,th). (8.2) 

Let us now return to the setting of the previous sections and assume 
furthermore that o" is an equal rank subalgebra of 0° so that f)o is a Cartan 
subalgebra of a°. 

On the algebra Cl{V) (see (15. ip ) there is a unique involutive automor- 
phism such that X ^— —x for x & V . Then, denoting by CliV)^ the ±1 
eigenspace for this automorphism, we can write 

c/(F) = ci(yY ®ci(yy. 

It follows that 

F"(V) = F"(V)+ ©F"(V)-, 

where F'^iV)^ = Cl(V)^/{Cl(V)V^ n C/(F)±). In Section 5.2 of \12\ we 
proved that ^'^(V")^ are C/(F) +-stable. Then F^iV)"^ are L{a,a)- modules 
and, moreover, the so-called "homogeneous Weyl-Kac character formula" 
holds: 

L(A)©F'^(p)+-L(A)©F'^(p)- = ^(-l)^(-)v(y,XA+p.))-p„.). (8.3) 

w&W' 

We want formula (18. 3p to make sense also when the representatives w in 
the r.h.s. are not minimal. To accomplish this goal, if A G 1)* is dominant 
integral for and w G Wa, we define 

V{w{X + pa.)-p,^) = V{X) (8.4) 
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and 

V^^'\w{\ + p„.) - p,.) = (-1)^('")V^(A). (8.5) 
With this convention we can rewrite (18. 3p as 

L(A)®F'^(p)+-L(A)®F-(p)- = (-l)'^"^^V^^'"(¥':K(A+/i))-p„.), 

(8.6) 

where is any element from the coset x. 

Let_M C f)o be the lattice defined in and set Mp = n M (recall 
that Oq is the center of a°). Let Pq be the lattice in Og dual to Mq. Let 
^Afo = {^a I G Mq}. Let be a set of representatives for the cosets of 
T/v/o X Wa in ly. Assume that 

4 = SpancMo, (8.7) 

In [121 Proposition 5.7] we proved that is finite. The following result 
was also stated in [12], but the proof there wasn't quite correct, so we provide 
here a corrected proof. 

Proposition 8.1. //a" is a reductive equal rank subalgebra of satistfying 
(EZD and y"9"«(w(A + p^)) - p„^) zs as in (ES]), then 

J2 (-l)'("'^asdim(\/^^"«(ti;(A + p^)) - p^)) = 0. 

Proof. Set A+(p) = A+(p°) U {j6 + a \ j > 0, ae A(p^)}. Then, according 
to (j5.3p and (15.41) . we have 

a6A+(p) 

Hence, setting ch^ = c/iir<T(-p)±, we have that 

(c/i+ - ch-){it,ith) = 1 eP^-P^^ n ~ e-«)muito j (^^^^^/^)_ 

\ a6A+(p) / 

Choose now any [3 E A+(p) such that P\t)o 0- Then we can find h E [)q 
such that (3{d + h) = so that, for this particular choice of h, we have that 

{ch+ -ch~){it,ith) = 0. (8.8) 
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Define = w{A + 'p„){d) and A*" = w(A + po-). Recall that, for a G Mq, 
ta{X) = A + X{K)i'{a) — ((A(a) + i|Q;p)(5. Hence we have 

y.:(t.A-) = ¥.:(A-)(o) + {k + g)a - («(A-)(o)(a) + \\a\')5, 
+ (^;(A'")(i) +m^5,. 

Setting, for A G f)*Q-), ta(A) = A + (A; + g)jy{a) — (A(a) + ||ap)5a we can write 

\/^^"«(t«A-) - = l^(i„(^:(A-)(o))) ® \/^^"«(A-)(i) + m^6, - p„.). 

Since TmqWj^^ is a set of coset representatives for Wa in and observing 

that multiplying any element w & W hj a translation does not change the 
parity of i{w) we can write, using (18. 6p . 

ch{L{A) - ch{L{A) F'^ip)-) = 

E E (-l)'^*""^c/.(r^^"(y.:(t„A-) - p„.)) = 

^ c/i(nt«(Aro))))cM^^^'^(<(A'")(l)-Pa. + m^5a))). 

/in 



Set 



yp,, = JJ( JJ (1 - e'^^)Y'"'<, e(A) = ^ e*"(^\ (8.9) 

J j&l,j<0 as Mo 

'(0) 



Observe that c/i(V^(A(o))) = — . Thus we can write 



ch{L{A) ® F'^(p)+) - ch{L{A) ® F'^(p)-) = 
J2 (_i)^{-)^J2)^c/i(V^^"(v.:(A-)(i) - + m^5,)). 

By (18.31) . evaluating both sides at the point {it,iht), we obtain from 
that 



= ch{L{A)){it,ith){ch~^ - ch~){it,th) 



„ ^, .&{AJi.){it,iht) 

J2 (-l)^(-) ic/i(V^^"«(A-)(i) -p„. + m^5„))(zt,zt/z). 
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Cancelling ip^ and multiplying by f'^'^e '^^/i^*^ where 

s 

"=EE^^-^(^^)) (8.10) 

j=l i 

and r = dimag, we obtain: 

=i^+ H (-l)'('")r/'e(Afo))e-^c/i(l^^«"(yp:(A"')(i)-p<^+m^5„))(zt,zt/i) 

/in 

Hence, by f l8.2p and the asymptotics of the theta function (see e.g. [H], 
(13.13.4)]), we find that 

0= (-l)'^"^|n/(^ + ^)Mo|-^asdim(V^^5"(y.:(A-)(i)+m^<5,-p^)). 

Since, by definition, 

asdim(\/^f"(<^:(A"')(i) + mj, - p,^)) = asdim(F^^'^(^:(A'^) - p,^)), 
we are done. □ 

We now provide a formula affording, as a special case, the sum of the 
asymptotic dimension of multiplets which occur in the decomposition of the 
basic+vector and spin representation of L^soip) , Ad{a)) . 

We need preliminarily to sum up the discussion of Section 6 and to add 
the information about the asymptotic dimension of F'^(p), which can be 
obtained from [T5l 2.2]. We collect all these data in Table 1 where we denote 
by Aq, Ai, ... .A; the fundamental weights of L(so(p), Ad{(T)). 



dim(f)p) 


dim(p^/^) 


Ad{a) 


Ad{d) 




asdim 


even 


even 


inner 


inner 


v{Ki^i) © v{Ki) 


1 


odd 


odd 


not inner 


inner 


2V(Ao) 


V2 


even 


odd 


inner 


not inner 


y(Ao) © V{Ki) 


1 


odd 


even 


inner 


inner 


2V{ki) 


V2 



Table 1 
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Proposition 8.2. Assume A = 0. Let a be the fixed point set of an involution 
of Q, and let V{ip*^{w{pa)) — paa) be as in (18 .41) . Then we have 



y asdim(V(ip:(w(p^))-p^^)) = J ' °'- (8.11 



/ 






2rank(g")— rank(a'^)— X 



where x has value or 1 according to whether cr|(,„ = or not. 

Proof. By Proposition 18.31 below, we liave tliat Ker{D) = F'^{p). Taking the 
cliaracter of botli sides of (11.11) witli A = and arguing as in tlie proof of 
Proposition 18.11 (with the same notation) we get 

ch{F^{p)) = 

I rank(gO))-rank(aO) + l , ^ ^ 

= 2L 2 J c/i(V«(«7(pJ) - p,,)) 



= 2L ' ' J 5^ ^J2)^cMn¥':(A-)(i)-p^ + m^<5„)), (8.12) 

where y^o- and 9 are as in (18. 9p . 

Since the form (-, ■) is nondegenerate when restricted to Oq we have that 
dimap = dimag"'. On the other hand, since (g, a) is symmetric, dimoo = 1, 
so 

nnez+,n>o(^ _ e "'^») ii a\ao = lao, 

n„ez+(l-e(— ^)^") ifa|^ = -J^. 

Therefore, if rj is the ordinary Dedekind eta function [TTl (12.2.4)], using pTl 
Ex. 13.2], we deduce that 



e^'I'^r^iit) ifa|^ = /^. 



Also remark that c (see (18.101) ) is the central charge both of the l.h.s. of 
(I8.12P as a L (so(p), A(i(cr) )-module and of the r.h.s. as a L(a, cr)-module. 
Therefore, evaluate both sides of (I8.12p at the point (it, iht) and multiply 
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by e '12'. Since we know the asymptotics of G and r] (see formulas (13.13.4), 
(13.13.5) of [H]), in the hmit t we obtain 

asdim(F'^(p)) = 

2L ""'°'"T-'"''" J-t \Po/gMo\-'^ ^ asdim(n<(^(p.))-Pa.)). (8.13) 

Plugging into ( 18.131) the values for the asymptotic dimension of the l.h.s. 
obtained in Table 1 we readily get (18.111) . □ 

We finally prove that those treated in the previous proposition are the 
only instances in which the kernel of the Dirac operator is the whole space 
X = L{A) ® F'^ip)- We shall freely use the language of vertex algebras. All 
the necessary information can be found in 



Proposition 8.3. D vanishes identically on X if and only if A = and 
g = a © p is the Cartan decomposition of an involution of g. 



Proof. Recall that in [12i Remark 4.1] we introduced two fields G, L, depend- 
ing on g, a, in the super affine vertex algebra of g. The field G = 



is related to the Dirac operator D by Gq = Assume that the stated 

condition holds. By Proposition [12], Gq splits as the sum of a quadratic 
and a cubic term (see [12^ (4.1)]). The former vanishes in X because A = 0, 
the latter vanishes identically because the pair (g, a) is a symmetric. Now 
we prove the converse statement. The operators G, L generate a Ramond 
algebra, i.e., a Lie conformal superalgebra C[T]L + C[T]G + CC, with 

[L,L] = (r+2A)L+^C, [L,G] = (T+^A)G, [G^G] = 2L+yC (8.14) 
which acts on X with central charge 

C^^-i:(-^)d-M4an,(p) (8.15) 

= C(g)-C(a) + ^dim(p), (8.16) 

where C(g) = is the conformal anomaly of g and C(o) that of a: see 

(4.26)] (the first summand in the r.h.s of (18.151) is erroneously missing 
in the reference). If Ker{D) = X, then Gq acts trivially. Since the Ramond 
algebra is simple (modulo the center), G,L act trivially and their vanishing 
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implies that C = 0. It is a general fact that if k > then C{q) > C(o) (see 
the discussion in Section 2 of [T]). Since we are assuming that L{A) is an 
integrable module, we have k > 0. Hence relation (18.161) forces A; = 0, so that 



In turn, this relation tells us that the Symmetric Space Theorem [8] applies, 
hence (g, a) is a symmetric pair. 
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